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Serie n°3 – September 24th  

 

Additional Exercises 

 

Complex Numbers 

Reciprocal spaces, X-ray diffraction 

 

 

Exercise A1: irrationality of √𝟐 and √𝒏 

A1a. We want to show that √2 is irrational, or in other words, there is no (𝑛, 𝑚) ∈ ℕ2, 

with 𝑔𝑐𝑑(𝑛, 𝑚) = 1, such that 2 = (
𝑚

𝑛
)

2

.  

(i) Show that 2 divides m.  

(ii) Show then that 2 divides n.  

(iii) Express a contradiction with 𝑔𝑐𝑑(𝑛, 𝑚) = 1. 

 

A1b. We want to show that ∀𝑛 ∈ ℕ, (√𝑛 ∈ ℝ ∖ ℚ 𝑜𝑟 √𝑛 ∈ ℕ). We consider 𝑛 ∈ ℕ and 

suppose that √𝑛 ∈ ℚ. Hence, ∃(𝑎, 𝑏) ∈ ℕ2, √𝑛 =
𝑎

𝑏
 and 𝑔𝑐𝑑(𝑎, 𝑏) = 1. Consider a prime 

number p in the factorization of b: 

(i) Show that 𝑝|𝑎2, and hence necessarily we must have 𝑝|𝑎.  

(ii) Show that b = 1 and conclude.  

 

Exercise A2 : Inequalities of Cauchy-Schwartz and Minkowski 

2a. For 𝑛 ∈ ℕ∗ and 𝑥1, … . , 𝑥𝑛, 𝑦1, … . , 𝑦𝑛 ∈ ℝ, we define the function T of 𝜆 ∈ ℝ such as  

𝑇(𝜆) = ∑(

𝑛

𝑖=1

𝜆𝑥𝑖 + 𝑦𝑖)2 

(i) Show that ∀𝜆 ∈ ℝ, 𝑇(𝜆) ≥ 0. 

(ii) Show that 𝑇(𝜆) = (∑ 𝑥𝑖
2𝑛

𝑖=1 ) 𝜆2+2(∑ 𝑥𝑖𝑦𝑖
𝑛
𝑖=1 )𝜆+∑ 𝑦𝑖

2𝑛
𝑖=1  

(iii) Consider the equation 𝑇(𝜆) = 0 (assuming ∑ 𝑥𝑖
2𝑛

𝑖=1 ≠ 0 ). What is the sign of 

the determinant ?  

(iv) Deduce the inequality of Cauchy-Schwartz: (∑ 𝑥𝑖𝑦𝑖
𝑛
𝑖=1 )2 ≤ (∑ 𝑥𝑖

2𝑛
𝑖=1 )(∑ 𝑦𝑖

2𝑛
𝑖=1 ) 

 

2b.  

(i)        Using 2a, show :  ∑ (𝑛
𝑖=1 𝑥𝑖 + 𝑦𝑖)2 ≤ (∑ 𝑥𝑖

2𝑛
𝑖=1 ) + 2√∑ 𝑥𝑖

2𝑛
𝑖=1 √∑ 𝑦𝑖

2𝑛
𝑖=1 + ∑ 𝑦𝑖

2𝑛
𝑖=1  

(ii) Deduct the inequality of Minkowski: √∑ (𝑥𝑖+𝑦𝑖)
2𝑛

𝑖=1 ≤ √∑ 𝑥𝑖
2𝑛

𝑖=1 + √∑ 𝑦𝑖
2𝑛

𝑖=1  
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Exercise A3: Distance between crystal planes in the hexagonal structure 

We consider the hexagonal structure shown to the 

right. We represented the origin, the orthonormal 

basis ℬ(𝑂,𝒙,𝒚,𝒛) , and the Bravais lattice ℬ(𝑂,𝒂,𝒃,𝒄), with:            

o ‖𝒂‖ = ‖𝒃‖ = 𝑎, ‖𝒄‖ = 𝑐, and  𝑎 ≠ 𝑐 (where ‖𝒂‖ 

is the norm of the vector 𝒂); 

o (𝒂, 𝒃)̂ =
𝟐𝝅

𝟑
, (𝒂, 𝒄)̂ = (𝒃, 𝒄)̂ =

𝝅

𝟐
 (where (𝒂, 𝒃)̂ is 

the angle between vectors 𝒂 and b). 

 

A3a.  

(i) What are the coordinates of the vectors 

𝒂, 𝒃, 𝒄 in the basis ℬ(𝑂,𝒙,𝒚,𝒛) ? 

(ii) What are the coordinates in the basis ℬ(𝑂,𝒙,𝒚,𝒛) and ℬ(𝑂,𝒂,𝒃,𝒄) of the points 

A,B, C, D and E shown on the schematic ?  

A3b.  

(i) What is the volume of the cell defined by the vectors 𝒂, 𝒃, 𝒄? 

(ii) Show that the reciprocal lattice vectors are given by, in the ℬ(𝑂,𝒙,𝒚,𝒛) 

basis:  

𝒂∗ =
4𝜋

𝑎√3
𝒙; 𝒃∗ =

4𝜋

𝑎√3
(

1

2
𝒙 +

√3

2
𝒚); 𝒄∗ =

2𝜋

𝑐
𝒛 

 

A3c. We consider the crystal plane (hkl) (h,k,l three relative 

integers) shown on the schematic, that intercepts the 𝒂, 𝒃, 𝒄 

axis at positions 
𝒂

ℎ
,

𝒃

𝑘
,

𝒄

𝑙
 respectively.  

(i) What is the normal to the plane in the 

orthonormal ℬ(𝑂,𝒙,𝒚,𝒛) basis ? 

(ii) Show that the equation of the plane in ℬ(𝑂,𝒙,𝒚,𝒛) 

is given by: 

𝒫 = {𝑀 (
𝑥
𝑦
𝑧

) ,
(2ℎ + 𝑘)

𝑎√3
𝑥 +

𝑘

𝑎
𝑦 +

𝑙

𝑐
𝑧 = 1} 

 

4d. Assuming that the closest (hkl) plane parallel to 𝒫 is the one passing through 

the origin, show that the distance between the (ℎ𝑘𝑙) plane is given by:  

𝑑(ℎ𝑘𝑙) =
1

√ 4
3𝑎2 (ℎ2 + 𝑘2 + ℎ𝑘) +

𝑙2

𝑐2

 

O�

�

�

�

�

�

C


